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profiles calculated with these in Eqgs. (1) are shown as curves 2
and 3 of Fig. 1. That for E* = 9 represents roughly the hydrogen/
oxygen system at p, = 0.1 atm; that for E* = 0 is more like a
hydrocarbon system, or hydrogen/oxygen at higher density.
Note that the distance scale for these would be considerably
shortened had the half-pressure point chosen for curve 1 been
used instead of 4 = % to set the time unit.

Accuracy comparable to that in the previous work! was
maintained in the present time-dependent calculations, at the
cost of using a net several times finer.

Results

Results are presented in Table 1 and Figs. 2 and 3. The E* = 9
calculation is believed to be near a stability boundary, so that a
larger f or larger E* should stabilize it. For E* = 0, the steady
solution is stable at large f; is unstable with small amplitude and
high frequency between f = 1.5 and+f = 1.25, and unstable with
large amplitude and lower frequency between f = 1.25andf = 1.
At f=1, an incomplete calculation, carried to a point just
beyond the minimum of the valley after the first large peak
(t = 28 in Fig. 3) suggests that both the period and amplitude are
a little larger than at /' = 1.25.

Discussion

The principal difference between these results and those"

previously reported is the order of appearance of the high and
low-frequency components as f is decreased (for E* = 0). In the
previous work the low-frequency components appear first,
whereas here the high-frequency components appear first. At
E* = 9,f = 1, the oscillation is similar to the high frequency one
at E* = 0. From the limited parametet study undertaken, we are
inclined to believe that the change in the form of the rate function
is more important than the choice of different equation of state
parameters in producing this reversal.

Our principal object here is the study of one of the simplest
types of instability contained in the equations of reactive flow
in the detonation regime. The principal simplifications are the
model of the reaction mechanism, the constraint of one-dimen-
sional flow, and the simple rear boundary condition (constant-
velocity piston). Although these are such as to preclude any
guantitative comparison with experiment, we comment briefly on
a few situations in which more realistic one-dimensional calcula-
tions of this type may find some application.

The front of an unsupported gas detonation in a tube typically
contains transverse waves of complex structure and appreciable
amplitude, so that the flow is not one-dimensional. However, a
longitudinal period of a sort may be defined, and it may be of
some interest to compare it to the one we calculate. In a rect-
angular tube, the tracks of transverse waves form regular patterns
of diamond-shaped cells whose apexes are collision points. Along
a line parallel to the tube axis passing through a row of these, the
shock pressure history is not unlike that from the unstable one-
dimensional calculations. The pressure rises rapidly when two
transverse waves collide, then falls below the steady CJ value
before being boosted again by the next collision. For the hydro-
gen/oxygen system of Fig. 1, the measured distance between
collisions on such a line> is 0.9 cm, about 0.6 half-reaction zone
lengths or 14 induction-zone lengths. The calculated long period
of our E* = 0 system, in which the induction zone is about
three-quarters as long as the half-reaction zone, is twice as long,
about 28 induction-zone lengths. -

Within a cell of such a detonation, particularly in its latter part
where the decay rate is less and the front is more nearly plane,°
the growth rate of perturbation seen in our calculations suggests
that one-dimensional instability might appear within the cell
in some systems. Such a phenomenon has not been observed.
Rajan'! has performed a calculation intended to apply to this
situation. A fairly realistic reaction model is used, and cylindrical
symmetry is assumed, with a piston programmed for the velocity
history which would generate a conventional blast wave in the
nonreactive case. Although the shock starts at a pressure above

VOL. 10, NO. 4

the CJ von Neumann-point value, no shock pressure oscillation
appears. Either his system is one-dimensionally stable (as is ours
for E* > 9) or the potential instability is damped by the strong
rarefaction behind the front. Edwards and Meddins!? have
recently observed interferometrically a different type of “longi-
tudinal instability” in the latter part of a detonation cell, con-
sisting of an apparently approximately steady profile in which a
large density peak follows the regular reaction zone. This pheno-
menon does not appear in our calculations, nor, apparently, in
the calculations of Rajan referred to previously. If the mechanism
that the authors propose as an explanation is correct, our reaction
model is too simple to produce this effect.

Finally, there is the observation of periodic density variations
in blunt-body flows in detonable gas mixtures near CJ velocity.!?
This is probably caused by nearly one-dimensional instabilities
of the type we have calculated here, but strongly reinforced by
acoustic vibrations between the bow shock and the body.
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Constitutive Equations for Bimodulus
Elastic Materials
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I. Introduction

HE bimodulus elastic materials are those which possess
different elastic properties in tension and compression. For
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such materials Hook’s law of elasticity must be replaced by more
general constitutive equations. These equations, however, should
reduce to Hook’s law of elasticity whenever the stress state is that
of either no tension or no compression in the system.

The aforementioned considerations are of special interest in
reinforced materials, e.g., the difference in Young’s moduli of
Boron Epoxy composites in compression and tension has been
experimentally observed. The one-dimensional stress-strain
relation of textile-cord reinforced rubber exhibits a very sharp
bilinearity.! :

Ambartsumyan®~’ has suggested a three-dimensional, stress-
strain law for isotropic bimodulus materials. He later developed
such relations for orthotropic plates.® His equations, although
physically sound, lack a general theoretical foundation and do
not cover the most general case.

In this work a one-dimensional rheological model is proposed,
and based on that, the stress-strain laws for the general case of
anisotropy are postulated. By a systematic approach those laws
are obtained for two important classes of symmetry, namely
isotropic and orthotropic cases. Equations for isotropic case are
shown to reduce to those of Ambartsumyan, under certain
assumptions, thus giving a general theoretical basis as well as the
exact assumptions behind those equations.

II. General Equations

The one-dimensional stress-strain relationship for a bi-
modulus material has the following form

e=1/E*¢™, or, e=1/E ¢~ M

&, 0,and E are strain, stress, and Young’s modulus, where plus and
minus sign correspond to tension and compression, respectively.
Equation (1) can be written in a single form

¢ = [1/E*U(6) + 1/E"U(—0)]o @
where U is a step function defined as
UX)=0ifX<0; UX)=1ifX>0 3)

The rheological model of Fig. 1, suggested by Eqgs. (2) is now
proposed. The model consists of two springs with stiffnesses E*
and E~. The springs can be activated one at a time depending on
the sign of applied stress. A stress-strain law can now be postu-
lated as a direct generalization of the Eq. (2) and the correspond-
ing one-dimensional rheological model. The elastic moduli of
the postulated constitutive equations are assumed to be arbitrary
functions of the signs of the stresses as follows

&ij = CijiiOx e

Summation convention is used throughout the paper where

Cijkl = i;klmn U[f;nn(apq)] + ci;klmn U[ _.ﬁnn(apq)] (5)

&;, 0y, and C;, are components of the strain tensor, stress
tensor, and bimodulus elasticity tensor, respectively. The func-
tions f,,, are arbitrary functions of stress-state at this stage.

The constitutive Eq. (4) must however satisfy the laws that are
pertinent to constitutive equations of continuum mechanics. It is
easily seen that the only law, relevant to the present case, which
is not automatically satisfied is the principle of coordinate
invariance. This requirement would be met if f,,, are isotropic
functions of their arguments and hence independent of coordinate
rotation, that is

fmn = fmn(zlr Zna Zm) (6)

where Y, >y, and Y, are stress tensor invariants. Let us
consider the following choice of

Jn=0im=n; f,=o0,0n0pifm=n M

where I, II, and IIT correspond to the directions of principal
stresses. We notice that the principal stresses oy are the three roots
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of the following cubic equation

¢’ —- Zl"z + Zna - Zm =0 8)

and therefore are functions of stress invariants. We conclude that
the choice (7) is a permissible one; however, this approach
indicates that such a choice constitutes a special form of more
general class of bimodulus materials. The above results show that
the bimodulus elasticity constants are functions of the sign of
principal stresses.

Incorporating the above results and expressing the equations in
matrix notation, yields the following:

& = [ JkU(Uk) + Ci;kU('—O'k)]O'j Ljk=12,...,6 (9)

where g and o; are the conventional engineering strain and stress.
The arguments of the step functions are principal stresses and
therefore g, = 0 for k = 4, 5, 6. It is therefore more convenient to
refer the constitutive equations to a coordinate system coinciding
with the direction of principal stresses. In that case the stresses
corresponding to both k and j are zero for values 4-6. The
directions of principal stresses, however, are not generally the
same as those of principal strains.

It is the consequence of the preceding form of the constitutive
equations that the elasticity constants are functions of principal
stresses only. Once the principal stresses are obtained, the
corresponding plus or minus superscript constants would be
known. The constitutive equations, from there on, behave just
like those of classical materials for that fixed state of the stresses.

The moduli are independent of the signs of the shear stresses,
even though, the overall behaviour of the material might seem to
indicate to the contrary as discussed in Ref. 9.

III. Strain Energy

Bimodulus materials have all the properties of classical elastic
materials, in the absence of tension or compression in the system.
We now consider the symmetry conditions imposed on elastic
constants due to the existence of the strain energy functions in the
cases of no tension or no compression.

The strain energy function, expressed in term of stresses,
referred to directions of principal stresses, for the case of no
compression, has the followirig form:

2W = Cho0;U(ay) i=12...,6 (10)
6,0, = 0fork,j=4,56 Cj =0fork=4,56
taking the derivative of W with respect to o, yields
oW |do,, = $Ch(0a,/06,)0,U(0y) + 3Ciha(0a;/06,)U(0,)
+ 3CLo0;[0U(0y)/00,,] 1y

since dU(s,)/00,, is indeterminate for g, = 0, so the preceding
derivative exists only when all the principal stresses are greater
than zero; in that case

oW b, = $Crao;U(6) + 3Cihao;Ulay) (12)
on the other hand
oW 00, = &, = Chuo;U(0y) (13)

taking the derivatives of Eqs. (12) and (13) with respect to ¢;, and
equating them, results in the following symmetry condition:

ChU(o) = CiU() if o, > O for k = LILTIT  (14)

J

similarly

CiU(—a) = CzU(~0)if 6, <Ofork = LILII (15)

IV, Constitutive Equations for Isotropic Materials

Before proceeding to find the restrictions imposed on constitu-
tive equations due to this class of symmetry, it is relevant to
clearly define the meaning of isotropy. An isotropic material has
no directional preference with respect to material coordinate,
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that is to say, that any choice of material coordinate system is
irrelevant to the physics of the problem while the material might
exhibit different properties in different directions as the conse-
quence of the dependence of the moduli upon stresses. Through-
out the rest of this paper we make the following assumptions.

1) The elastic coefficients reduce to those of classical elastic
materials in the absence of either compression or tension in the
system, however those two sets of elastic coefficients correspond-
ing to the case of no tension or no compression are not
numerically the same.

2) The constants related to the coupling of stresses and stress
signs are assumed to be negligible compared to those of direct
effect that is

Ch=0ifJ +k

By incorporating the aforementioned assumptions together with
isotropy requirement for the cases of no tension or no compres-
sion and symmetry condition (14) and (15), one would obtain the
following:

Ch=kiifi=j=k
Ge=ki if i) i=k
Ch=0ifJ+k (16)
or in a more compact form
Ch = [(K{ — K3)5; + K3 1o 1

the assumption that K{ = K;, wonld further simplify the
constitutive relations to

g = [1/E*U(e) + V/E™(—0o)lo, + Clos + 0,) (18a)
&5 = [1/E* Uog) + /E~U(—ap)lo; + Clo, + 0,) (18b)
_ = [1/E* U(a,) + 1/E~U(—a )]s, + C(a, + o)
=Lp=I,y=11 (18¢)
where
Ki =1E* K =1/E° KFf=C

Equations (18) are equivalent to a single representation of those
presented by Ambartsumyan. He deduced the equality of K§ =
K; = —v7/ET = —v*/E* from the symmetry of elasticity
constants by incorrect use of strain energy function. It was shown
here that the strain energy can be only used in a restricted sense
and that does imply a special symmetry condition as given by
Egs. (14) and (15). In a previous paper,”® it was shown that the
matrix of elastic constants for anisotropic case can not be
symmetric and such assumption would lead to contradictory
results. The above assumption, however, for isotropic case
presents no difficulty.

The preceding derivations are referred to principal axes of
stress tensor. The equations relative to an arbitrary cartesian
system can be obtained by use of well-known transformation
relations.

V. Constitutive Equations for Orthotropic Bilinear Materials

As an example we may cite unidirectional reinforced com-
posites. Let the cartesian coordinate system (x, y,z) coincide
with the axes of material symmetry. By using the same line of
approach as in the isotropic case, the stress-strain relations with
respect to the principal directions of the stresses are obtained to
be

& = Cho;U(oy) + CoU(—0ay) Ljk=1,...,6
o, 0,=0 for j k=456 (19)
where
Ch=0ifj+k
Ch=CF

iji Jij

(20)
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and

Chi= Y Y Oyuldmidm

m=1 m=1

where g,,; are given in terms of direction cosines of the coordinate
transformation.'® The transformation here is from coordinate of
principal stresses to that of (x, y, z) the coordinate of material
symmetry.

The constants a,, are 18 elastic constants describing the
classical orthotropic properties of the material in the state of no
tension and no compression. These two 9 sets of elastic constants
are, obviously, to be found from experiments.

The constitutive equations for two-dimensional orthotropic
case, together with the proper transformation equations are
given in Ref. 9. The latter equations relate the constants of
bilinear materials to those of classical elasticity ones. It also has
been shown that the matrix of elastic constant is not symmetric
for orthotropic case. Some interesting features of composite
materials were explained and accounted for by the present
theory, these constitutive equations are used to formulate a beam
theory for bimodulus elastic materials.!?
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Bending of a Simply Supported Plate
Clamped about a Central Circular Hole
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Introduction

XACT, closed-form solutions to plate bending problems with
irregular boundaries are not always available. The point-
matching method yields numerical solutions to boundary value
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